Abstract. In this paper we construct a new family of lattice packings for superballs in three dimensions (unit balls for the l p 3 norm) with p ∈ (1, 1.58]. We conjecture that the family also exists for p ∈ (1.58, log 2 3 = 1.5849625 . . .]. Like in the densest lattice packing of regular octahedra, each superball in our family of lattice packings has 14 neighbors.
Introduction
Finding dense packings of spheres in n-dimensional Euclidean space is one of the most central problems in discrete geometry. In this paper, we consider lattice packings of superballs in dimension three. Superballs are unit balls for the p n norm:
We distinguish between three different kinds of packings which are increasingly restrictive: congruent packings, translative packings, and lattice packings. Let K be a convex body in R n . By K • we denote its topological interior. We consider the special orthogonal group SO(n) = {A ∈ R n×n : AA T = I n , det A = 1}, and I n denotes the identity matrix. A congruent packing of K is defined as
where
Translative packings are congruent packings without rotations, i.e. all matrices A i are equal to I n . Moreover, if the set {x i : i ∈ N} forms a lattice (a discrete subgroup of R n ), then we call this packing a lattice packing. The (upper) density of a congruent packing P is defined as where B(c, r) = {x ∈ R n : x − c 2 ≤ r} is the Euclidean ball of radius r with center c.
Jiao, Stillinger, and Torquato [11, 12] For every regime they found a family of lattices which defines dense lattice packings for B p 3 . The family for the first regime [1, log 2 3] they call the O 1 lattices, and O 0 , C 0 , C 1 correspondingly for the second, third, and fourth regime. In their approach, they even allowed for congruent packings, but it turned out that the densest congruent packings they obtained were lattice packings. They conjectured that they found the densest congruent packings of B p 3 for all values of p. However, Ni, Gantapara, de Graaf, van Roij, and Dijkstra [14] found, also via computer simulations, denser lattice packings for superballs in the second regime. Also for p = 1.4, which falls into the first regime, they give one lattice for which they claim (but see Section 3)) that it is denser than the corresponding O 1 lattice. They report (see page 8830 in [14] ) that due to numerical instabilities they could not investigate values p < 1.4.
In this paper, we use a method of Minkowski [13] to determine locally densest lattice packings of B . Starting from Minkowski's lattice we found a family of new lattice packings for the first regime which is denser than the O 1 lattices, see Table 1 . Here, each superball in our family of lattice packings has 14 neighbors, like in the densest lattice packing of regular octahedra. We also found new lattice packings in the second regime which are denser than the O 0 lattices, see Table 2 . For the third and fourth regime the densest lattices we found are the C 0 lattices, respectively the C 1 lattices. Table 1 . Packing density of O 1 lattices (see [11, 12] ) and of our new family (see Section 3 and Section 4). When p = 1 we obtained the lattice which determines the densest lattice packing of regular octahedra (see [13] ) and when p = log 2 3 we obtain the body centered cubic lattice.
The structure of the paper is as follows: We first explain Minkowski's method and how we approached it computationally in Section 2. Section 3 contains a report on some of our findings, in particular new lattice packings in the first and second regime. Section 4 provides a computer-assisted proof proving that the family of new dense lattice packings exists for p ∈ Table 2 . Packing density of O 0 lattices (see [11, 12] ) and of the new lattices (see [14] and see Section 3). When p = 2 we obtain the face centered cubic lattice.
Determination of lattice packings by local optimization
Let Λ be a lattice so that
forms a lattice packing of the convex body K, i.e. for all distinct lattice vectors x, y ∈ Λ we have
Then, Λ is called a packing lattice. From (1) it immediately follows that a packing lattice is characterized by
is the difference body of K. In other words, Λ is a packing lattice for K if and only if the condition
holds; here
is the Minkowski norm of x defined by a centrally symmetric convex body L.
The general linear group of degree n over a ring R is defined as
A matrix B ∈ GL n (R) with linearly independent column vectors b 1 , . . . , b n specifies a lattice Λ by taking all integral linear combinations of b 1 , . . . , b n :
Two matrices B, B ∈ GL n (R) determine the same lattice if and only if there is a matrix U ∈ GL n (Z) such that BU = B . Matrix B also gives a fundamental domain F of Λ by
So one can state the problem of finding a densest lattice packing of a convex body K as the following minimization problem:
It follows from Mahler's selection theorem that the minimum is attained, see [6, Theorem 30 .1]. Two distinct translates x + K and y + K are called neighbors in a lattice packing P if they have a nonempty intersection. The number of neighbors coincides for all translates. How many neighbors can K have at most? Minkowski showed that K has at most 3 n − 1 neighbors and if K is strictly convex, then the number of neighbors is bounded by 2 n+1 − 2, see [6, Theorem 30.2] . Swinnerton-Dyer proved that when a lattice Λ achieves a density which is locally maximal, then K has at least n(n + 1) neighbors, see [6, Theorem 30.3] .
Let B ∈ GL 3 (R) be a matrix defining a locally densest lattice packing Λ = BZ 3 of K. Minkowski [13] (see also [7, §32] , [1] , [9] ) showed that after performing a suitable GL n (Z)-transformation to B we can reduce to the following three cases. Case (I): Bu + K with u ∈ U 1 are neighbors of K, where
Case (II): Bu + K, with u ∈ U 2 , are neighbors of K, where
Case (III): Bu + K, with u ∈ U 3 , are neighbors of K, where From now on, we are interested in lattice packings of superballs in three dimensions. We perform a rescaling by setting
Note that scaling K only scales the packing lattices but does not effect the packing density.
For each of the three cases, Case (I), (II), and (III), we can numerically find critical points of the following finite nonlinear optimization problem minimize det B so that B ∈ GL 3 (R)
det B > 0
for i = 1, 2, 3, in order to identify candidates for locally densest lattice packings. After finding a matrix B which is a feasible solution of this optimization problem, we have to check whether B indeed defines a packing lattice for B p 3 . For this it suffices to verify that Bu p ≥ 1 holds for only finitely many vectors u ∈ Z n \ {0} as the following lemma shows; see also Dieter [3] .
n is such that Bu p ≤ µ for some nonnegative number µ, then Proof. We apply the triangle inequality and Hölder's inequality, and get
If 1 < p < 2 and if B ∈ GL 3 (R) satisfies the equality conditions of Case (III)
then this extra check is not necessary, as the next lemma shows. This is a consequence of Hanner's inequality [8] (3)
which holds for all 1 < p < 2 and all x, y ∈ R n .
Proof. As a start we consider u = (1, −1, 0). We write u as the sum of two vectors v, w in U 3 : u = (1, 0, 0) + (0, −1, 0). Then by Hanner's inequality (3) we get
The vectors u = (1, 0, −1), (0, 1, −1) can be treated similarly. Now we consider u = (−1, 1, 1). We write u as u = v + w with u = (0, 1, 1), w = (−1, 0, 0) and apply Hanner's inequality to get Bu| 
Numerical findings
In order to explore dense lattice packings of superballs in three dimensions we numerically found critical points of the nonlinear minimization problem (2). We randomly chose a matrix B ∈ GL 3 (R), where we chose the matrix entries randomly according to the normal distribution N (0, 1) with mean 0 and variance 1. Then we applied Newton's method to B to find a critical point in the neighborhood of B. By applying this procedure to 10, 000 randomly chosen starting points, we obtained a set of packing lattices. For the implementation we used the function root of the python package scipy.optimize, see [10] . We determined feasible packing lattices for each of these three cases. Table 3 and we analyze them in detail in Section 4. The density we obtained for p = 1.4 coincides with the value reported in [14] , but the basis e 1 , e 2 , e 3 given in [14, page 8829] does not give a packing lattice since the p 3 -norm of 2e 1 − e 2 − e 3 is too small. Table 3 . Matrices L p ∈ GL 3 (R) giving the densest lattice packing of B p n we found. They all belong to Case (III).
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Second regime. The highest packing density over all obtained solutions we found for p = 1.6, 1.7, 1.8, 1.9, 2.0 belong to Case (I). We list them in Table 4 . We were not able to identify a pattern. The density we obained for p = 1.7 coincides with the value reported in [14] , but in [14] a corresponding matrix is not given. For more computational results we refer to the thesis [4] of the first author. Table 4 . Matrices B p ∈ GL 3 (R) giving the densest lattice packing of B p n we found. They all belong to Case (I). L 2 determines the face centered cubic lattice which defines a densest sphere packing in three dimensions.
A new family of lattice packings
When looking at the numerical solutions we found in the first regime, one immediately comes to the conclusion that the new found lattices belong to a family of lattices which one can easily parametrize.
Consider
where x, y, z are chosen so that
This implies
We also have the inequalities z ≥ x ≥ y ≥ 0
Thus, x, y, z has to satisfy the following nonlinear system: z ≥ x ≥ y ≥ 0
The family of lattices starts at p = 1 with x = 1/3, y = 1/6, z = 1/2, which defines the densest lattice packing of regular octahedra found by Minkowski. The family ends at p = log 2 3 = 1.5849625 . . . with x = y = z = 1 2 which defines the body centered cubic lattice.
We want to prove that the family indeed exists. When the nonlinear system (4) has a solution, Lemma 2.2 ensures that the members of the family are packing lattices for the corresponding superball Theorem 4.1. Let V and W be finite-dimensional normed vector spaces over R, and suppose that f : B(x 0 , ) → W is a C 1 function, where x 0 ∈ V and ε > 0. Suppose also that T : W → V is a linear operator such that
for all x ∈ B(x 0 , ε). Then there exists x * ∈ B(x 0 , ε) such that f (x * ) = 0. Moreover, in B(x 0 , ε), the zero locus
In the theorem, · denotes the operator norm, Df (x) is the Jacobian of f at x, and id W is the identity operator on W , and B(x 0 , ε) ⊆ V is the open ball with center x 0 and radius ε, where the distance is measured using the norm of V . Proof. Our proof is computer assisted. We use interval arithmetic as implemented in the free open source mathematics software system SageMath [15] .
Define the function f p :
As norms we choose the Now we subdivide the interval [1.1.58] in smaller subintervals and for every subinterval we choose an ε > 0 and a starting point (x 0 , y 0 , z 0 ) which we found by the numerical solution of the nonlinear system (4).
Our choice of ε > 0 and using the ∞ 3 norm ensures that the ball B((x 0 , y 0 , z 0 ), ε) lies in the region z ≥ x ≥ y ≥ 0. We set T = Df p (x 0 , y 0 , z 0 ) −1 and verify that inequality (5) is satisfied for all p in the subinterval and for all (x, y, z) ∈ B((x 0 , y 0 , z 0 ), ε). Then, the assumptions of Theorem 4.1 are satisfied and we can conclude that the nonlinear system (4) has a unique solution (x * (p), y * (p), z * (p)) for all p in the subinterval. The verification of (5) uses interval arithmetic. Our Sage function verify is only a few lines long and can be found in Appendix A of this paper.
For example, we choose the subinterval [1, 1.01], the starting point (x 0 , y 0 , z 0 ) = ( More examples of our choises can be found in Appendix B; all choices can be found as ancillary file from the arXiv.org e-print archive.
We conjecture that the family of lattices also exists for p ∈ (1.58, log 2 3 = 1.5849625007 . . .]. We could enlarge the interval for which Theorem 4.2 holds by increasing the precision and by using smaller subintervals. 2 ), ε) is contained in the region z ≥ x ≥ y. Currently, we do not know how to modify the approach to be able to handle these two difficulties.
Conjectures and open problems
Based on Section 3 we pose the following conjectures and open problems:
(1) The family of lattices determined by (4) exists for all p ∈ (1.58, log 2 3].
(2) The lattices we found in the first regime, and the ones found by Jiao, Stillinger, and Torquato [11] in the third and fourth regime give the densest lattice packings of superballs for the corresponding p. (3) It would be interesting to develop a better understanding of the densest known lattices in the second regime.
(4) Is there a value of p = ∞ for which the upper bound for translative packings of superballs determined in [5] matches the corresponding lower bound? (5) For p > log 2 3 there are no lattices which fall into Case (II) or into Case (III). (6) What is the largest value of p ≤ 2 so that the kissing number of B p 3 superballs is strictly larger than 12?
